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Sintered structures observed in experiments can consist of faceted crystal grains. To predict the formation of such
structures, a new phase-field (PF) model of solid-state sintering that can analyze morphological changes and
microstructural evolutions considering the strong interface anisotropies of sintered particles was developed in
this study. The developed PF model treats the crystal grain orientation-dependent surface and misorientation-
dependent grain boundary anisotropies. Furthermore, this model employs quaternions to calculate the particle
rotation, eliminating complicated calculations involved in analyzing the crystal orientation in three-dimensional
(3D) simulations. The morphological change in a sintered particle and the grain boundary formulation at triple
junctions simulated using the developed model were validated by comparing them with theoretical solutions.
The neck growth and densification rates were investigated by performing 3D simulations using two particles with
interface anisotropies. The simulation results revealed that neck growth and densification are affected by surface
energy and mobility anisotropies. A 3D PF simulation using 200 particles demonstrated that the developed PF
model can potentially reproduce sintered structures with faceted particles observed in experiments. The PF
model provides a promising simulation for predicting the microstructural evolution of actual materials during

solid-state sintering.

1. Introduction

Sintering is a manufacturing process that converts powder particles
into a solid compact [1]. Various products and materials, including ce-
ramics, metals, hard magnets [2,3], and superconducting materials [4,
5], are produced by sintering. Additionally, sintering has recently
attracted attention as a fundamental technology in additive
manufacturing [6,7]. The mechanical, electrical, magnetic, and other
properties of sintered materials depend on their microstructures. For
example, the grain boundary misorientation affects the electromagnetic
properties of polycrystalline bulk high-temperature superconducting
materials [8], and the crystal orientation alignment contributes to the
magnetic properties of anisotropic magnets [9]. Therefore, microstruc-
tural evolution during sintering must be controlled to improve the ma-
terial properties.

Numerous experiments have been conducted to understand the
morphological and microstructural changes induced by sintering. In
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recent years, in situ observations of microstructural evolution during
sintering have been actively conducted [10-13]. Bah et al. [10] in situ
observed a shrunken particle due to grain boundary migration during
the sintering of piezoelectric Ky sNagsNbOs particles. Zuo et al. [11]
conducted quasi-in situ observations of sintering with Cu nanoparticles
and investigated the grain growth and twin formation mechanisms.
Takahashi et al. [12] revealed the evolution of density distribution and
growth of coarser pores during the sintering of Al;O3 by in situ obser-
vation. Phuah et al. [13] evaluated the impact of ultra-high heating rate
on densification in sintering through in situ observation of various
ceramic nanoparticles. Although these experiments using cutting-edge
techniques provide useful information to understand the sintering
mechanism, experimental observations alone are insufficient to accu-
rately predict neck growth, pore annihilation, densification, and grain
growth, which are essential factors in controlling the microstructural
evolution.

The microstructural evolution during solid-state sintering was
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examined via numerical modeling and simulation using the phase-field
(PF) method. The PF method [14] is a powerful numerical methodology
for solving free-boundary problems. Because the PF method can analyze
the complicated evolution of interfaces without explicitly tracking them,
PF simulations of sintering have been used to study microstructural
evolution during sintering. For example, Choudhuri et al. [15] used PF
simulations to investigate the impact of particle local curvature on neck
growth during sintering. To date, various PF sintering models have been
developed. Wang [16] was the first to propose a PF model for solid-state
sintering that can simulate the rigid-body motions of sintered particles.
Rigid-body motion is an important factor to simulate the macroscopic
densification of sintered compacts. Several PF models have been
developed by incorporating the calculation method for the rigid-body
motion proposed by Wang. Biswas et al. [17-19] proposed PF models
of solid-state sintering considering elastic energy [17], crystal orienta-
tion [18], and thermal conduction [19] as well as rigid-body motion.
Zhao et al. [20] developed a sintering PF model that could directly
characterize the elastic energy on the neck and contact area of sintered
compact to investigate the microstructural evolution in pressure-assisted
sintering. Ivannikov et al. [21] reduced the gap between PF simulations
and experiments by developing an advection mechanism to calculate the
rigid-body motion considered in Wang’s model. Notably, Wang’s orig-
inal PF model was limited in the number of particles that could be
practically analyzed owing to its large computational cost. To overcome
this problem, Termuhlen et al. [22] developed a new numerical scheme
using a grouping algorithm that enabled three-dimensional (3D) simu-
lations with many particles. Furthermore, Ma et al. [23] helped reduce
the computational cost and improved computational efficiency of the
Wang model by applying a proper generalized decomposition technique
to the 3D PF simulation of solid-state sintering. PF models of sintering
have also been developed using a different approach. For example,
Hotzer et al. [24] developed a PF model of solid-state sintering based on
the concept of grand-potential model [25] and investigated micro-
structural evolution and densification by performing a 3D simulation of
sintering with approximately 25,000 Al,O3 particles. Greenquest et al.
[26,27] proposed a sintering PF model based on the grand-potential
model and predicted the sintering behavior of U0y doped with Cr or
Mn. Several PF simulations focusing on the sintering process in additive
manufacturing have also been reported [28-32]. Abdeljawad et al. [28]
used PF simulations to examine the microstructural evolution during
solid-state sintering in a direct ink write process. Yang et al. [29,30]
constructed a PF model for non-isothermal sintering and performed
simulations of selective laser sintering and powder bed fusion. Wang
et al. [31] performed a non-isothermal sintering simulation for direct
metal laser sintering and clarified the effect of powder size distribution
on densification behavior. As is evident, various PF models of sintering
have been developed; however, some factors remain to be considered in
these models. One such factor is the strong anisotropy of surface energy
depending on the crystal grain orientation.

Interfacial energy is an important factor for predicting microstruc-
tural evolution. In particular, surface energy (that is, surface tension) is
related to neck growth, which affects the densification of sintered
compacts [1,16]. Most materials have anisotropic surface energies
depending on their crystal grain orientation. The anisotropic surface
energy changes the shape of isolated crystal grains to an equilibrium
shape [33]. Faceted particles are observed in actual sintered material,
which can be attributed to the strong anisotropy of the surface energy.
As an example, Fig. 1 shows a scanning electron microscopy image of
faceted particles of a K-doped BaFepAsy; polycrystalline bulk super-
conducting material sintered at 900 °C for 18 h under ambient pressure.
Faceted particles have also been observed in other sintered materials
[34-36]. Therefore, PF sintering models must consider the crystal grain
orientation of particles and strong anisotropy of the surface energy to
accurately predict the microstructural evolution.

As mentioned earlier, Biswas et al. [18] developed a PF model for
solid-state sintering that can analyze the crystal grain orientation of
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Fig. 1. Scanning electron microscopy image of K-doped BaFe,As, crystal grains
obtained by sintering at 900 °C for 18 h under ambient pressure.

sintered particles. They performed two-dimensional PF simulations
considering the direction-dependent interface diffusion and
misorientation-dependent grain-boundary energy anisotropies. Howev-
er, no PF model of solid-state sintering that can simulate morphological
changes in particles owing to the surface energy anisotropy has been
reported. In other words, the PF models developed to date cannot pre-
dict the formation of the sintered structure shown in Fig. 1. Additionally,
to reproduce the structure of sintered compacts, similar to that shown in
Figs. 1, 3D simulations must be performed. However, no 3D PF simu-
lation considering crystal grain orientation-dependent anisotropy has
been performed. One possible reason for this is that 3D simulations
require complicated calculations to analyze changes in the crystal
orientation due to rotation when the Euler angles are used for the
rotation calculation, as in the conventional model [18].

The PF method enables the simulation of morphological changes in
crystal grains to their equilibrium shape that is predicted from the
anisotropy of the surface energy. Qin et al. [37] reported that the
equilibrium shape of cubic crystals can be reproduced using PF simu-
lations of crystal growth based on the anisotropic surface energy of the
cubic crystal. Li et al. [38] experimentally demonstrated that one
spherical W carbide particle transforms into a triangular prism shape by
performing PF simulations using the strong anisotropic surface energy of
the material. The integration of the aforementioned techniques is ex-
pected to lead to the development of an evolved PF model of sintering
capable of simultaneously considering the rigid-body motion and an-
isotropies of the surface and grain boundary.

In this study, a new PF model for solid-state sintering was developed
to predict 3D sintered structures with faceted particles as shown in
Fig. 1, which cannot be predicted by conventional PF models of sinter-
ing. The developed PF model not only considers the rigid-body motions
of sintered particles and the misorientation-dependent grain boundary
anisotropy based on the conventional PF models [16,18] but also newly
considers the crystal grain orientation-dependent strong surface
anisotropy. Moreover, to facilitate 3D PF simulations, a new technique
to implement quaternions in the rotation calculation of crystal grain
orientation due to the rigid-body motion is proposed.

Similar to the previous PF models [16,18], the proposed PF model
can simulate the isothermal sintering processes only for single-phase
materials. However, our model has significance in that it provides a
way to predict 3D sintered structures of actual materials that present
interface anisotropy in most cases. In addition, the method of imple-
menting interface anisotropy with quaternions in the PF model of
solid-state sintering proposed in this study has the potential to be
applied to other PF models of sintering.

The remainder of this paper is organized as follows. Section 2 ex-
plains the PF model developed in this study. Section 3 describes the
conditions for PF simulations conducted in this study. Sections 3.2 and
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3.3 explain the definition of the anisotropic properties of the surface and
grain boundary. Section 4.1 presents the results of the PF simulation to
validate the developed PF model. Section 4.2 investigates the neck
growth and densification obtained in the PF simulations, where two
particles with anisotropic properties are in contact with each other.
Section 4.3 presents the results of the PF simulation using 200 particles.
The results demonstrate that the developed PF model is promising for
predicting the actual sintered structure. Finally, Section 5 presents the
conclusions of this study.

2. Formulation
2.1. Phase-field model

The time evolution of microstructural evolutions during sintering is
simulated by defining two types of PF variables, namely, the density
field, p, and orientation field, n; (i = 1, 2, 3,. N, where N is the number of
particles). p represents the normalized local mass density. To satisfy
mass conservation, p is defined as a conserved variable. 7; identifies the
individual particle and is treated as a non-conserved variable because
the volume of each particle can change via grain growth. The values of p
and #; smoothly change from 0 to 1 in the surface or grain boundary
regions.

The total free energy, F, is defined as

2 2
— % 2 Kﬁ 2, 4 2.\
F= / {ﬁ,u,k<p,ni>+3|v/) 2 IVl (V) v, e

where fyyik is the chemical free-energy density in the bulk. The second
and third terms on the right-hand side in Eq. (1) are the gradient energy
densities. The fourth term indicates the corner energy density, which is
incorporated to avoid singularity formation by adding high-order de-
rivative regularization [39,40]. 1 is the corner energy regularization
parameter. The gradient energy coefficients , and «, are defined as [18,
28].

3, ~
K, = 7 (2;/Surf — ygb)ﬁ and (2)

3.
Ky = Zygh67 3)
where § is the width of the diffuse interfacial region of the particle
surface and grain boundary. 7, is the anisotropic surface energy, which
is defined as
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where yg.r£i(0;,9) is the surface energy, which is dependent on the
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Fig. 2. Definition of ¢; and ¢; angles.
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crystal grain orientation of the ith particle. §; and ¢; are the angles in the
local coordinate system for each particle. As shown in Fig. 2, these an-
gles determine the direction of the normal vector at an arbitrary point on
the surface of the ith particle. 7,, is the anisotropic grain boundary en-
ergy, and is defined as [18,41].

ZZ:}’,-,-U?'I}

~ ij>

T = =23 (5)
Y

i j>1
where y;; is the grain boundary energy between the ith and jth particles.
Note that the PF model has a limitation on interfacial energy, i.e., 27 ¢

> Veb-
fobulk can be defined as [16].
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where A and B are parameters given as [18,28].
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The time evolution of p is calculated using the following equation,
which is the Cahn-Hilliard equation [42] with an advection term added
to analyze the rigid-body motions of the particles:

d SF
5=V (M,)V(Sp - va,) : ©)

i

where v; denotes the advection velocity of the ith particle. M, is the
diffusion mobility, which as defined as

M, = Muh(p) + Mup{1 = h(p) } + Maip®(1 = p)* + 3> Mynm;,  (10)
T A

where M1 and My, are the mobilities related to the volume and vapor

diffusion of the atoms, respectively. Msurf is the anisotropic surface
diffusion mobility, which depends on the crystal grain orientation. Mj; is
the diffusion mobility at the grain boundary between the ith and jth

particles. The details of Mgyt and M;; used in this study are explained in
Section 3. In this study, the anisotropy of volume diffusion is neglected
because its contribution to microstructural evolution can be assumed to
be significantly smaller than that of the surface and grain boundary
diffusion. h(p) is the interpolation function, given by h(p) = p3(10 —
15p + 6p).

The time evolution equation of #; is derived by adding the advection
term to the Allen-Cahn equation [43]:
on; ~ 6F

hall ) e
ot on;

V-(ni), an
where 1\7[,7 is the anisotropic mobility related to the migration of grain
boundary.

During sintering, vacancies are induced by the surface tension and
negative curvature on surfaces where particles are in contact. The con-
centration of generated vacancies increases with the surface tension and
curvature [1]. Because the atoms diffuse such that the concentration
gradient of vacancies decreases, a neck grows between the particles in
contact. In contrast, vacancies flow from the neck surface into grain
boundaries, resulting in vacancy oversaturation at grain boundaries. The
oversaturated vacancies, which are annihilated by dislocations, lead to
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rigid-body motions, which drive the macroscopic densification of a
sintered compact. The PF model proposed by Wang [16] describes these
sintering phenomena by calculating the advection velocity of each
particle. The PF model developed in this study also uses advection ve-
locity to simulate macroscopic densification. Rigid-body motion is
assumed to consist of translation and rotation. Thus, v; in Egs. (9) and
(11) is given by

v =V VP, (12)

where v{ and v}° are the translational and rotational velocities of the ith
particle, respectively. These are defined as [16].

tr My
v _ Mg and 13
v = mv“’T,» x [r—rei]n;, (14

where my, and my, are the translation and rotation mobilities, respec-
tively. F; and T; are the force and torque acting on the ith particle,
respectively. V; is the ith particle volume. r is the position vector and r;
is the center of the ith particle. F; is calculated as

Fi= [0 = pn) [~ V) as)
Ve A

where kg is the stiffness constant relating the magnitude of the force to
the degree of vacancy oversaturation at the grain boundary. pg is the
equilibrium value of p at the grain boundary. The operation (y;) is
defined as

_ [t (=)
() = {0 (fv,n,j <o) (16)

where c is the threshold for identifying grain boundary regions based on
the product of »; and ;. T; is defined as

T, = / [r—r.] x dF;. a7)
Vv

The time evolution equations of p and #; given by Egs. (9) and (11),
respectively, are solved using the first-order Euler finite difference
method for time integration and the fourth-order central finite differ-
ence method for spatial discretization.

2.2. Calculation methodology for orientation rotation

To calculate the orientation rotation computationally, unit quater-
nions are used. The rotation calculation using unit quaternions is faster
and simpler than that using Euler angles. Moreover, this method pro-
duces small computational errors without calculation defects such as a
gimbal lock.

The operation of rotation by angle ¢ around an arbitrary unit vector,

v, is defined by the following equation using a unit quaternion, gq:
q = cos §+v sin %, (18)
where an arbitrary vector u expressed using a quaternion p withp = u is
considered. The rotational operation represented by ¢ can be applied to
u using the following equation:

P =apq’, (19)

Gk

where the superscript denotes a conjugate quaternion, and p’ is a
quaternion representing the vector obtained by rotating u.

Rotation calculations for sintered particles using quaternions require
the axis and angle of rotation to act on particles. Because m;,T;/V; in Eq.
(14) represents the angular velocity vector, the rotation axis can be
obtained from the direction of T; and the rotation angle can be
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calculated from the product of my,|T;j|/V; and the time increment of the
numerical computation, At. Therefore, this study proposes to calculate
the evolution of the crystal grain orientation based on the rotation of the
rigid-body motion by defining q as follows:

q= cosqur i sinqj (qﬁ:wm). (20)

Quaternions also enable the calculation of the minimum angle be-
tween two particles, A¢gy, which matches the crystal grain orientation of
one particle with that of the other. By assuming that the crystal grain
orientations of the two particles are represented by quaternions g; and gj,
Ag;j can be calculated using the following equation [44]:

Apy = min{Zarccos (qu,- (O,q_/-) *)0, 2a.rccos(0,qj(0kq,-)*)0 }, 21D

where O and O; (k, L = 1, 2, ...) are quaternions, called symmetry op-
erators, that are introduced to treat equivalent crystal grain orientations
in crystal structures (for example, a cubic crystal system has 24 sym-
metric orientations). The maximum values of k and [ are equal to the
number of independent symmetries. The subscript 0 indicates the scalar
element of quaternions.

After the misorientation angles between adjacent particles are
calculated, the deviation angles from the specific misorientations can
also be calculated. Therefore, this PF model can simulate microstruc-
tural evolution with coincidence site lattice (CSL) grain boundaries. The
deviation angle of A¢;; from an arbitrary Xm CSL grain boundary can be
calculated using the following equation [44]:

A¢ij,Zm = min{Zarccos (0kqmm (OIqu) ' ) o 2arccos (quzm (qumin)*>0 },
(22)

where gmin is the quaternion that provides A¢;; using Eq. (21), and qsp is
the unit quaternion, which represents the rotation axis and angle of the
¥m grain boundary.

3. Conditions
3.1. Parameters

To validate the developed PF model, hypothetical particles with a
cubic crystal system are used for sintering simulations in this study. The
parameters included in the PF model are nondimensionalized for the
spacing of the finite-difference grid, Al and the height of the energy
barrier, Af, at the interface between the solid and vapor phases [16]. The
corner energy regularization parameter is set to A = 7. The interface
width is § = 6AL The mobility of volume diffusion is My, = 0.01 and
that of vapor diffusion is My, = 0.001 [16]. The translational and
rotational mobilities are set as my = 500 and m,, = 1, respectively [16].
The stiffness constant is kgt = 10. The equilibrium value of p at grain
boundaries is py = 0.9816 [16]. The threshold value is ¢ = 0.14 [16].
The values of other parameters corresponding to the surface and grain
boundary properties are given in Sections 3.2 and 3.3, respectively. The
nondimensionalized time increment for each computational step is
At=1x107%

3.2. Anisotropy of surface energy and mobility

The anisotropic surface energy of a particle with a cubic crystal
structure is determined using the following equation [37]:

Yourti (00, 0;) =ko + ki (nfnf + n%n2 + nznf) +ky (nfn)znf)
2 (23)
+k3 (nfn)2 + nyzn2 + nznf) ,

where ko, k1, k2, and k3 are coefficients. ny, n,, and n, are defined as
follows:
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n, = sin 6; cos ¢;, (24)
n, = sin 6; sin ¢,, and (25)
n, = cos 0. (26)

In this study, the nondimensionalized tentative values of ko = 1.0, ky
= 2.0, ko = 0.4, and k3 = 0.1 are used to allow the formation of facets.
Fig. 3 shows the Wulff plot calculated using Eq. (23) and the stated
coefficients.

We assume that the larger the interfacial energy, the larger the
interfacial mobility. Therefore, the anisotropic diffusion mobility of the

surface, Mgy, in Eq. (10) can be defined as

M suri"aﬁsurf '?surf? 27)

where My, is the reference surface diffusion mobility, being M,s = 4.0
[16].

3.3. Anisotropy of grain boundary energy and mobility

Because grain boundaries have five crystallographic degrees of
freedom, the anisotropic grain boundary energy and mobility are
determined using three types of misorientations and two types of in-
clinations [45]. However, for simplicity, it is assumed that the grain
boundary energy and mobility are only dependent on the misorientation
angle of A¢;j [44,46,47]. The grain boundary energy, y;, with an energy
cusp at a ¥m CSL grain boundary is defined using the Read-Shockley
equation [48]:

Ag; Ay
(- (3) e
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where yg“g“ is the minimum grain boundary energy and 7, is the grain
boundary energy at high-angle grain boundaries. A¢y, is the minimum
misorientation angle of the high-angle grain boundaries, which is set as
A¢p = 15° [44,46,47]. D, and W1 represent the depth and width of the
grain boundary energy cusp, respectively, at the ¥m grain boundary.

The mobility of grain boundary diffusion, Mj;, can be defined using
the Humpherey equation [49]:

My =My {11 (a0, 40,5, }. (29)

where My, is the grain boundary diffusion mobility of the high-angle
grain boundaries. H(A¢jj, Adij,zm) is defined as

Ad.\*
exp{ —s(r{i‘h’) } (49, < Ad,)

H<A¢‘:f’A¢”~Z”’) - Dzexp{ -5 <A¢U‘Zm>2} <A(/’,]Em < WZ) 7

W,

0 (Acp,, > Ay and A5, > Wz)
(30)

where Dy and W are the depth and width of the mobility change,
respectively, at the £m grain boundary. The 5 grain boundary about
the rotation axis of (001) is considered in this study. Fig. 4 shows the
variations in y; and My, obtained using A¢ss = 36.87° [50] and the
assumed values of D; = Dy = 0.5, Wy = 8°, Wo = 10°, yg‘g“ =0.4, 7y

= 0.8, and Mgb = 0.4 [16]. These values are used in the subsequent

. . Ag.. A
1 1

1 (A(ﬁi/. > Ay and Adys, > Wl)

}/surf,i [']
1.7

1.0

Fig. 3. Wulff plot calculated using Eq. (23) and coefficients of kg = 1.0, k;
= 2.0, ky = 0.4, and k3 = 0.1.

simulations.

The definition of 1\71,7 in the following equation allows for a depen-
dence on the misorientation to be introduced into the mobility related to
grain boundary migration:

My =1, ~ 33 M, (ady ), (81)

i A

where I\_/I,, is the reference mobility set as 10 [16]. Furthermore, M, (A¢;)
is the mobility dependent on A¢; and is defined as

M, (Ag,) = M, -H (A%,A(/)ij,zm). (32)

Although the aforementioned assumed definitions of interfacial en-
ergies, mobilities, and parameters are only used to validate the devel-
oped PF model, arbitrary settings of interfacial anisotropy can be used
for the model. Therefore, using the appropriate settings of the target
material, the PF model can perform sintering simulations for any
anisotropic material.
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Fig. 5. Snapshot of morphological changes in sintered particle due to surface energy anisotropy.

4. Results and discussions
4.1. Validation

To validate the developed PF model for simulating the morpholog-
ical change in sintered particles depending on the surface energy
anisotropy, a 3D PF simulation is performed using a single spherical
particle. Theoretically, the equilibrium shape of an isolated crystal can

Equilibrium shape

N
)

PF simulation result (107 steps)

Wulff plot

Fig. 6. Comparison of the Wullf plot, equilibrium crystal shape, and simulated
particle shape on the ab-plane through the center of the particle.

be determined using a Wullf plot [33]. When a sintered particle has
strong anisotropic surface energy, as shown in Fig. 3, its equilibrium
shape is a cube. Therefore, if the simulation results show that the
spherical particle approaches a cubic shape, the validity of the PF model
for surface anisotropy is confirmed. The computational domain size is
64°. A dimensionless particle with a nondimensionalized radius of 20 is
arranged at the center of the domain. The zero Neumann condition is
applied to all boundaries of the computational domain. The calculations
are performed for up to 107 computational steps.

Fig. 5 shows the morphological changes in the sintered particles
obtained from the PF simulation. The particle shape is indicated by the
isosurface p = 0.5, which is colored based on the distribution of the
surface energy. To decrease the total free energy of the system, the
surface changes to a facet in the low-energy direction and to a convex
shape in the high-energy direction. Consequently, the shape of the
particle changes from spherical to cubic. Fig. 6 compares the Wullf plot,
equilibrium shape predicted from the Wulff plot, and particle shape
obtained after 107 steps of simulation on the ab-plane through the center
of the particle. The PF simulation accurately reproduces the equilibrium
shape facets. The corners show a difference between the equilibrium
shape and simulation result, indicating that the simulation result has not
yet reached the equilibrium state. Although the particle shape is ex-
pected to approach the equilibrium shape by continuing the calculation,
the shape change rate is significantly slow after 107 steps under the
present simulation conditions. Therefore, it is concluded from the results
shown in Figs. 5 and 6 that the developed PF model can reasonably
simulate morphological changes depending on the anisotropic surface
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Fig. 7. (a) Shape and arrangement of three particles, as indicated by the isosurface with p = 0.5. (b-d) Crystal grain orientations of particles and distributions of

grain boundary energy. The grain boundary energy is displayed only in regions judged to be a grain boundary using Eq. (16) on the cross-section through the center
of particles. Blue, white, and red arrows indicate the directions of the a-, b-, and c-axes, respectively.
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Fig. 8. Distributions of particles and grain boundaries on the cross-section through the center of particles obtained by the PF simulations with 10° computational
steps. Grain boundary distributions are indicated by the sum of the square of #;.

Particle 3

Particle 1

energy.

The PF model is further validated by performing 3D PF simulations
under three conditions where the particles have various crystal grain
orientations, and the dihedral angles at the triple junctions of grain
boundaries are investigated. Fig. 7(a) shows the initial arrangement of
the three particles used in simulations. At the beginning of the simula-
tion, all dihedral angles are 120°. Fig. 7(b)-(d) show the orientations of
the particles and distributions of the grain boundary energy calculated
using Egs. (5) and (28). The particles shown in Fig. 7(b) have the same
crystal grain orientation. In the initial state shown in Fig. 7(c), Particle 3
is rotated by 45° around the c-axis; hence, there are high-angle grain
boundaries between Particles 1 and 3 and between Particles 2 and 3. The

.00 €9 .00 8

0 steps (2) 100 steps

grain boundary between Particles 1 and 2, shown in Fig. 7(d), is a £5 CSL
grain boundary because the misorientation angle between the particles
is 36.87° around the c-axis.

Fig. 8 shows the distributions of grain boundaries on the cross-
section through the center of the particles obtained after 10° computa-
tion steps. The grain boundaries are indicated as regions in which the
sum of the squares of ; is 0.5. The dihedral angles obtained from the PF
simulations using the initial conditions shown in Fig. 7(b), (c), and (d)
are 120°, 151°, and 136°, respectively. These dihedral angles are equal
to the analytical results calculated using Young’s equation. These results
demonstrate that the PF model provides an accurate grain boundary
formation that satisfies the balance of grain boundary energies.
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Fig. 9. Morphological changes during sintering of two particles with (a) isotropic and anisotropic surface energies for (b) Case 1, (c) Case 2, and (d) Case 3.
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Fig. 10. Transitions of (a and b) neck area and (b) distance between particle centers in sintering simulations. The area enclosed by the dotted line in (a) is enlarged

in (b).
4.2. Investigation of neck growth and densification

Conventionally, neck growth and densification caused by sintering
between two particles have been explained using the sintering theory
[1]. However, this theory does not consider the strong surface anisot-
ropy that causes facet formation. Because the strong anisotropy of sur-
face energy causes a shape change in sintered particles (see Fig. 5), the
anisotropy of the surface is expected to affect the sintering behavior. To
investigate the effects of surface anisotropic energy and mobility on
neck growth and densification, solid-state sintering PF simulations are
performed using two spherical particles. The size of the 3D computa-
tional domain is 128 x 64 x 64. The zero Neumann condition is applied
to all boundaries of the computational domain. The radius of particles is
20, and the distance between the initial particle centers is 40. Although
there are innumerable combinations of crystal grain orientations of two
adjacent particles, this study focuses on the case in which the initial
crystallographic orientations are equal (that is, A¢; = 0° and y; = 0.4),
and PF simulations are performed for the three cases. Additionally, a
simulation using particles with isotropic surface energies and mobilities
is also performed for comparison with the aforementioned three cases.
The isotropic surface energy is set to be constant at 1.2. The neck growth
and densification rates are investigated by analyzing the variation in the
cross-sectional area of the neck and the approaching distance of the
particle centers from simulation results.

Fig. 9 shows the initial states of the PF simulations and the simula-
tion results obtained after 10° computational steps. When the surface
energy and mobility are isotropic (Fig. 9(a)), neck growth and densifi-
cation occur according to the conventional theory [1,16]. Fig. 9(b)-(d)
show the three cases in which particles have anisotropic surface energy,
as shown in Fig. 3. Hereafter, these three cases are denoted as Cases 1-3.
In Case 1, the initial particles are in contact with each other on the
surface with the lowest surface energy. Under such conditions, facets are
formed on the neck. In contrast, the particles in Case 2 are in contact
with each other on the highest-energy surface. In this case, the neck has
a concave shape, because the neck surface is oriented with the large
surface energy. In Case 3, the particles contact each other on the surfaces
with high energy, which are edges of the cubic equilibrium shape. The
results of the simulation for Case 3 show that the neck forms facets along
the z-axis and is concave along the y-axis.

Fig. 10 (a) shows the variation in the cross-sectional area of the neck
as a function of the computational step. The area of the neck is evaluated
on the cross-section of the center of the computational domain in the x-
axis direction shown in Fig. 9. To clearly show the difference between

the four results after 50 computational steps, the area surrounded by
dotted lines in Fig. 10 (a) is enlarged in Fig. 10 (b). Fig. 10 (c) shows the
variation in the distance between particle centers. The distance is
calculated as |rg; — r¢2|. The hollow circles indicate the respective
values at each computation step up to 10 steps, and every 20 steps
thereafter. The dashed lines are the approximate line connecting the
hollow circles. Black line indicates the result of the isotropic case, cor-
responding to the results in Fig. 9(a). Red, blue, and yellow lines indicate
Cases 1, 2, and 3, corresponding to Fig. 9(b)-(d), respectively. The neck
area in Case 1 is smaller than that in the isotropic case until shortly
before the end of the calculation. Two factors contribute to this decline
in neck growth. First, the facets are formed by the slow growth of the
neck surfaces perpendicular to the y- and z-axis directions, where the
surface energy is low. Second, the formed facets grow slowly because the
mobility of the surface diffusion is set to be proportional to the surface
energy in this study, as shown in Eq. (27). However, although the neck
growth in the isotropic case slows down with sintering time, the neck
continues to grow in Case 1 such that the surface of the sintered compact
forms a facet, resulting in a larger neck area in Case 1 than that in the
isotropic case at 106 steps. For Case 1, the reduction in the distance
between the particle centers is also slowed down from the isotropic case
because the negative curvature of the neck surface, which causes rigid
body motion (explained in Section 2), rapidly approaches zero owing to
the formation of facets. In Case 2, the diffusion mobility of the neck
surface is large because of the high surface energy of the neck. However,
the neck growth is slow because increasing the neck surface area pre-
vents a decrease in total free energy. However, the decrease in the
particle center distance is faster than that in the isotropic case because
the concave neck has a high negative curvature. The neck in Case 3 has
facets in the z-axis direction, as in Case 1, and is concave in the y-axis
direction, as in Case 2. Based on the simulation results, the rate of neck
growth is mostly consistent with that in Case 2, whereas the particle
center distance decreases more slowly in Case 3 than in Cases 1 and 2.

The aforementioned results demonstrate that even if the misorien-
tation angle between adjacent particles is 0°, the anisotropic surface
energy and mobility change the neck growth and densification rates
depending on the orientation at which the particles contact each other.
We suggest that the change in the neck curvature owing to anisotropic
surface properties is an important factor that affects the rates of neck
growth and densification.

During the actual sintering process, particles are sintered at various
misorientation angles between adjacent particles. The sintering
behavior depends on not only surface anisotropy but also
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Fig. 11. Time evolution of (a) shape of sintered particles, (b) orientations of particles in the area enclosed by the dashed line shown in (a), and (c) microstructure on
cross-section at x = 124 obtained from the PF simulation using 200 particles. Blue, white, and red arrows indicate the directions of a-, b-, and c-axes, respectively. The

origins of the arrows indicate the centers of mass of particles.

misorientation-dependent grain boundary anisotropy and direction-
dependent interface diffusion anisotropy [18]. Additionally, aniso-
tropic properties depend on the material. Therefore, it is difficult to
exhaustively predict the sintering behavior of particles with anisotropic
interfaces based on sintering theory. To address such difficulties, the PF
model developed in this study can provide a method for predicting the
sintering behavior, because it allows simulations to be performed under
various conditions.

4.3. Simulation of multiparticle sintering

A simulation using 200 particles is performed to demonstrate that the
PF model can reproduce a sintered structure with faceted particles. The
particles are initially spherical and their radii are randomly set in the
range of 15-25. The initial particle configuration and crystal orienta-
tions are randomly set. The computational domain size is 256°. The zero
Neumann condition is applied to all boundaries of the computational
domain. The simulation was performed using the Wisteria/BDEC-01
supercomputer system [51].

Fig. 11 shows snapshots of morphological changes and grain
boundary evolution during the PF simulation. The particle shape shown
in Fig. 11 (a) is described by the isosurface of p = 0.5. In Fig. 11 (b), the
crystal grain orientation of each particle included in the region indicated

by the dashed line shown in Fig. 11 (a) is described by arrows. The blue,
white, and red arrows indicate the directions of the a-, b-, and c-axes,
respectively. The origins of the arrows indicate the centers of mass of the
particles. Fig. 11 (c) shows grain boundary distributions on the cross-
section at x = 124 for the inside of the sintered compact (p > 0.5).
The sintered structure is formed by densification of particles, whereas
their shape changes from spherical to cubic with orientation rotation.
Grain boundary formulation, void annihilation, and grain growth
occurred simultaneously in the interior of the structure. This result
demonstrates the possibility that the developed PF model can simulate
the formulation of actual sintered structures, such as those shown in
Fig. 1, which have not yet been predicted.

5. Conclusions

This study developed a new PF model for solid-state sintering
capable of analyzing the microstructural evolution and macroscopic
densification affected by anisotropic properties of the surface and grain
boundaries, which depend on the crystal grain orientation and misori-
entation, respectively. Using quaternions to analyze crystal orientations
with rotation due to the rigid-body motion of the sintered particles, 3D
PF simulations of solid-state sintering with interface anisotropy were
facilitated. The result of PF simulations using the developed model led to
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the following conclusions.

1) Some validations demonstrated that the developed PF model
reasonably reproduces both the theoretically predicted equilibrium
shape and grain boundary formation based on the strong anisotropy
of the surface energy and the balance of grain boundary energies,
respectively.
The PF simulations using two particles indicated that the change in
the neck curvature due to anisotropic surface properties is a key
factor in determining the rates of neck growth and densification.
Moreover, the simulation results demonstrated that the developed PF
model provides a means to predict neck growth and densification
affected by surface and grain boundary anisotropies under various
combinations of crystal grain orientations.
3) A sintering simulation using 200 particles demonstrated the poten-
tial of the developed PF model to reproduce the experimentally
observed sintered structure with faceted crystals.

2

—

This study used assumed values for multiple material parameters for
the validation of the proposed PF model. Using the actual values for
material parameters identified via state-of-the-art techniques such as
data assimilation [44,52-58], the developed PF model can play a sig-
nificant role in shedding light on the microstructural evolution during
solid-state sintering in the real world.
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